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Abstract. In this note we give a detailed proof of a theorem of Aubin, namely 
[T] Theorome 5]. 



1. Introduction 

The goal of this note is to give a detailed proof of the following theorem of Aubin. 

Theorem 1 (Aubin [T] ) . Let (A/, g) be a compact Riemannian manifold of dimen- 
sion n. Assume that, in a geodesic normal coordinate chart around a point x £ M , 
det((?) = 1 + 0{r^), with N sufficiently large, where r = d{x,-). Let uj denote 
uj := ini{k e N : \y''Weylgix)\ =^ 0}. // |V"scal(x)| = 0, then A"+iscal(x) < 0. 
In particular, J^g ^^-^ scaldcr < 0, for r sufficiently small. 

For the particular values of u; G {1,2}, Theorem 1 is proven by Hebey and 
Vaugon The case a; = 3 was studied by L. Zhang, as mentioned in [J. 

Theorem 1 is fundamental in questions related to the compactness of the Yamabe 
equation solutions and the equivariant Yamabe problem. For example, in [SJIH], the 
author used Theorem 1 to prove the validity of the Hebey- Vaugon conjecture, when 
w < ^^Y^ (more details are given in Section 2 ) . 

Aubin used Theorem 1 in [TJ [5J [3] in his study of the compactness of the set of 
solutions to the Yamabe equation. He claimed the compactness of this set except 
for the round sphere. This claim is in a contradiction with the counter examples 
constructed by Brendle [3] and by Brendle and Marques [S] . Many mathematicians 
had serious concerns about the correctness of [1], although it remained unclear 
which parts of [T] are correct. For example, the proof of [TJ Theoreme 5] is only 
sketched and not given in all details, and thus it is difficult for a reader to check 
whether the result of this theorem holds or not. The aim of this note is to provide 
a rigorous proof of (TJ Theoreme 5] . 

In our proof of Theorem 1 , we did not follow exactly the strategy proposed by 
Aubin in [1]. However, there are certain common points. For example, the formula 
in Corollary 7 coincides with the last formula on page 279 in [T]. 

In order to facilitate the reading, we gathered all notation in Notation Index A. 2, 



2. The equivariant Yamabe problem 

In this section, we present an application of Theorem 1 , Let (M, 17) be a compact 
Riemannian manifold of dimension n > 3 and G be a subgroup of the isometry group 
Isom(M, g). The equivariant Yamabe problem consists in finding a G- invariant 
metric in the conformal class of g, with constant scalar curvature. Hebey and 
Vaugon proved that a sufficient condition to solve this problem is to prove that the 
following conjecture holds. 
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Hebey— Vaugon conjecture. // (M, g) is not conformal to the round sphere 5" 
or if the action of G has no fixed point, then the following strict inequality holds 

inf A/^^^^g'^V < ^(^ _ l)^2/„( ^^^.j . ^))2/n 

where a;„ is t/ie volume of round sphere S". 

For w < 2 Hebey and Vaugon [6] proved Theorem 1 and they used this result to 
prove the above conjecture. They also proved it for lj > -^^^y^, assuming the positive 
mass theorem. 

In [SI [3] , the author used Theorem 1 to prove the validity of the Hebey- Vaugon 
conjecture for uj < -^^y^, by constructing a local G- invariant positive test function, 
which involves the scalar curvature, where the negative sign of Jg^ scaldcr plays 
an important role. For more details, see [5], [Slin] and the references therein. 



3. The Hebey- Vaugon formulas 

Let us first mention some notation and convention used throughout this note. 
Our convention for the components of the Riemann and Ricci curvature tensors 
are: in a local normal coordinate chart, 

R]keX' = (VfcV,X)« - (V,VfcX)«, (V,,a)fe = {\7,^a)k - R^^ai, 

for any vector field X and 1-form a. Moreover, we set Rijki = QiqR'jM^ R-iCij = R-lij- 
For any fc-covariant tensor T, we have: 

We define the symmctrization of the tensor T by 

SyniTj := Sym rp,...p, := ^ Tp^^^y..p„^u)^ 

where 6{k) is the symmetric group on the finite set {1, . . . , fc} and I = {pi,. . . , pk) is 
a multi- index fc-tuplc. The two-by-two contraction of SymT/, denoted by Tr SymT/, 
is defined by 



Tr SymT/ 



gPiP-i _ . .5Pfc-iPfcSymTpi...p,, if k is even, 
gPiP2 , . .5P'=-2P<=-iSymrp,...p,, if k is odd. 



Note that when k is odd, the two-by-two contraction of SymT is a 1-covariant ten- 
sor. We always use the Einstein summation convention, i.e. each time an index 
occurs twice we sum over it. 



Let (A/, g) be a compact Riemannian manifold of dimension n. We fix a; e il/ 
and define: u = in f{A: G N : \V^Weylg{x)\ ^ 0}. Lee and Parker [7] proved that 
in each conformal class [g\, there exists a metric g' which satisfies, in a geodesic 
normal chart, det(g') = 1 + O(r^), with N sufficiently large, where r = d{x,-). 
This result was extended by Hebey and Vaugon [B] in the equivariant setting. If G 
is a subgroup of the isometry group Isom(Af, 17) and [g]'^ denotes the G- invariant 
conformal class of g, then they proved 

Lemma 2. In each class [g]'^ , there exists a metric g' which satisfies, in a geodesic 
normal chart, det{g') = 1 + 0{r^), with N sufficiently large, where r = d{x,-). 
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Moreover, in this chart, the Taylor expansion of g' is given by 

w+4<m<2w+6 ^ 

n 

fc=l 

Using the above Taylor expansion of the metric and writing the metric as expo- 
nential of some symmetric matrix, Hebey and Vaugon proved the following formulas. 

Theorem 3 (Hebey- Vaugon [5]). Let {M,g) be a compact Riemannian manifold 
of dimension n. Assume that det{g) = 1 + 0{r^), with N sufficiently large, in a 
geodesic normal coordinate chart around x. Then the following statements hold 

1. For any nonnegative integer A; < a; — 1, |V''Riem(a::)| — 0. 

2. For any nonnegative integer k < 2uj + 1, the k-th covariant derivatives 
of the Riemann, Ricci and scalar curvatures of g' coincide with the usual 
partial derivatives and thus they commute. Namely, for any multi-index 
/3e{l,...,n}^ 

V^Riem(a::) = dj3Riem{x), V^Ric(x) = 9^Ric(x), V^scalg(a;) = 9^scalg(a::). 

3. For any cj + 2<m<2w + 3, Sym Vp3...p^RiCpjp2 {x) = and 

Pl-.-Pm 

Sym <^ 

+ C(a;)Vp3...p^_^2i?ipjP2j(a;) • Vp^^5...p2^_|^^i?ip^^3p^^^j(a;)|' = 0, (1) 

where C{oj) = (cj + l)^{oj + 2)2(2a; + 2)![(a; + S)!]-^. 

Assume that g satisfies the assumptions of Theorem 3. It follows from the theo- 
rem that A^scal (a;) = and jVA^scal = 0, for any nonnegative integer £ <Ld. 
Indeed, Tr Sym Vpi...p2f seal (x) = (2£)!A^scal (x) and Sym Vp3...p2f^3RiCp^p2 (x) = 

Pl---P2« Pl---P2;! + 3 

Sym {2Vp2...p2f+2R'iCpip2f+3(a;) + {21+ l)Vp3...p2f+3RiCpip2 (x)} , since by Thco- 

pi...p2<f + 2 

rem 3 , the covariant derivatives of order at most 2a; + 1 of the Ricci curvature tensor 
and the scalar curvature commute. It follows that 

2(2^)!(^ + l)2A^scal {x) = Tr Sym Vp3...p2f+2RiCpiP2 {x) = 0, (2) 

Pl---P2f + 2 

(2£ + 2)!(^ + 2)Vp2,+3A'^scal(x) = Tr Sym Vp3...p2,+3RiCp,p2(a;) = 0. (3) 

Pl---P2f + 3 

Moreover, if we assume that |V"scal(a;)| = 0, then the (2a; -I- 2)-covariant deriva- 
tives of the scalar curvature at x commute (this fact will be proven at the end 
of the proof of Proposition 6). For r ~ d{x, ■) sufficiently small, one can write the 
Taylor expansion of the scalar curvature in Br (x) and prove that there exists a pos- 
itive constant c(n, u) depending on n and a;, such that ^^ii^gg ^^^^ Jg^ scaldcr = 

c(n, a;) A'^scal {x^^^^ + 0{r^'^+^). We conclude that 

scaldcr = c(n,a;)A'^+iscal(x)r2"+2 + 0{r^'^+^). (4) 



V0l{dBr{x)) J SB Ax) 

Thus, Jgg (.^^ scaldcr and A"+^scal(a;) have the same sign. 
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4. RiCCI SYMMETRIZATION 

From now on, {M,g) denotes a compact Riemannian manifold of dimension n. 
We fix a point x £ M and assume that det(5') = 1 + 0{r^), with N sufficiently 
large, in a geodesic normal coordinate chart around x (in particular, gij{x) = 5ij) 
and that all the covariant derivatives of order tu of the scalar curvature at x vanish, 
i.e. jV^scal (a;)| = 0. Since all the tensors are evaluated at x, we omit to mention 
X for all tensors. For example, we write V/RiCy instead o/ V/RiCij(.T). 

We introduce the following notation: 

TZi = |V"-2^A^Ricmp, Te = [V^-^^A^Ricp, < ^ < 



Me = VKVaA^Ricfc, ■ VxVeA^RiCab, < £ < 



2' 
w - 1 



2 ' 

J\fi = VK'VcdA^RiCab ■ VA-'VafcA^RiCed, < £ < 

where we denote by K and K' two multi-indices (w — 2£ — 1) and (cj — 2£ — 2)-tuples 
respectively, and the fixed point x is omitted. By convention, A/"^ = = 0, if a; 
is even and Af^-i = 0, if w is odd. 

2 

Lemma 4. For any ^ < ^ the following equality holds 

2% + {uj- 2t){{uj - 2^ - l)Me + 'iMe} = 0. (5) 
Proof. By Theorem 3, we have Sym Vp3...p^^2-R'i<3piP2 ^ 0- Since the Ricci ten- 

pi...p^ + 2 

sor is symmetric and its covariant derivatives commute, one can also rewrite this 
identity as follows: 

l<i<j<u)+2 

After contracting by gPi'+iPk+2 . . ^P^+iP^+a ^ with fc = w + 2-2£>2 and 1 < ^ < |, 
we obtain 

X] ^pi • • p. • • p, • • Pfc A^RiCp.p^ =0, (6) 

l<i<j<k 

since we assumed jV^scall = 0. Equality (5) is obtained by multiplying (6) with 
Vpi...p,_2^^RiCpfc-iPfc- □ 

Lemma 5. For any £ < ^, the following inequality holds 

2Te + {Lo- 2t}Ne > 0. 

Moreover, it follows that % + Afe - 2Me > 0. 

Proof. For ui even and ^ = ^, by definition Aie = Me = 0. Thus, the inequalities 
holds. For ui odd and £ = by definition A/f = and by (5), we have 7^-l-2A4^ = 
0. Hence A4e is nonpositive, which proves the inequalities. 

From now on, we assume that £ < and set k := ui — 2£ + 2 > A. We use the 
convention (^) ~ if g > p. Let r(t) be the A:-covariant tensor, depending on the 
real parameter t, whose components are given by 

r(t)pi...pfc = Vpj...pj._2A RiCpj._jpj.i + Vp^...p;...pj...p^ A Ricp.p^-, 

l<i<j<k-2 

The square norm of T{t) is given by 

2 2 r + i 2 (^-4)^^' 
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which is, with respect to t, a second degree nonnegative polynomial. Thus its 
discriminant is nonpositive, namely 

(fc - 2){k - 3)(A/i)2 - re{2Te + (fc - 4)(fc - 5)JVi + 4(fc - i)Me} < 0. 

We substitute M-i, using (5) and obtain 

(._,K._3,(f)%2,.-4,(f)-^S0. 

where we assumed that % ^ (otherwise the proof of the lemma is trivial, since all 
terms involved vanish). We conclude that < {^) < {k~2){k-3) ■ This proves 
the first inequality, since lu > 21 + 2. Substituting the value of A4e, given by (5), 
in 7f + J\fe — 2M e and using the first inequality of the lemma yields the second 
one. □ 

5. Proof of Aubin's theorem 

We recall that (Af , g) denotes a compact Riemannian manifold of dimension n 
and a; G M is a fixed point. We assumed that det(5) = l+0(r^), with sufficiently 
large, in a geodesic normal coordinate chart around x and that |V"scal (a:;)| — 0. We 
use the following notation for the symmetrizations that occur in our computation: 

S — Tr SymVif RiCab, Si ~ Tr SymV^scal , 

52 = TrSymV I R,abj ■ VjRiCy , S3 TrSymV/RiCaj ■ VjRicbj, 

54 = Tr SymV/i?iafcj • Vj'VjRiCcj, Q{R)ijabcd = SymS/ 1 Riabj ■ ^.jRicdj, 

where /, J, J' and K denote multi-indices of length jj^K = 2a; + 2. = = 
^J' = uj — 1 and the symmetrization is taken over all the indices which are not 
yet contracted. Note that Q{R) is a symmetric (2a; + 4)-covariant tensor and S, 
iSi, . . . ,iS4 are real numbers. Using this notation, the two- by- two contraction of the 
Hebey-Vaugon formula (1) is 5 + C(a;)Tr Q{R) = 0. 

Before we start the computation, let us here illustrate the idea of our proof of 
Theorem 1, By (4), it is sufficient to show that A'^+^scal < 0. The first step in 
the proof is to compute 5, which is the two-by-two contraction of the covariant 
derivatives of the Ricci tensor. When the order of the covariant derivatives is less 
or equal to 2a; H- 1, we know that they commute (cf. Theorem 3). Therefore, the 
two-by-two contraction of the covariant derivatives of the Ricci tensor is, up to a 
positive integer, equal to either A^scal or VA^scal for some nonnegative integer 
t (cf. (2) and (3)). However in S and iSi, there are 2a; -f 2 covariant deriva- 
tives and in general they do not commute. Each time we commute two of them 
in iS or iSi, the Riemann curvature tensor occurs. By using the fact that for any 
nonnegative integer /c < w — 1, |V'^Riem| = and |V"scal| = 0, we show that 
the 2a; -f 2 covariant derivatives of the scalar curvature in Si commute and thus 
Si ~ (2a; + 2)!A'^+-'^scal . Using this fact, we prove that S is equal to the sum of 
a positive integer times A"+^scal and a positive combination, denoted J, of the 
terms ^2, 1S3 and ^4, which corresponds to the commutativity obstruction of the co- 
variant derivatives in S. By taking into account the formula 5-|-C(a;)Tr Q{R) = 0, 
it is sufficient to show that J + C(a;)Tr Q{R) > 0. The second step is to compute 
the two-by-two contraction of Q{R)- We determine all possible terms that occur 
when contracting all the Riemann tensor entries of Q{R) (i.e. in the definition of 
Q{R), they correspond to a, b, c and d). It turns out that Tr Q(i?) is a positive 
integer combination of 27 terms (without using Bianchi identities), denoted Ak, 
where each Ak is a two-by-two contraction of a symmetric tensor of the same form 
as Q{R), but with contracted Riemann tensor entries. Further, we prove that all 
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Ak 's are nonnegative and some of them are positive (they are summarized in Table 
1). These 27 terms Ak are themselves a positive combination of the following 4 
nonnegative terms {TZe, Te,Te — 2Me + Mg, Te — Mi}, which are defined in Section 
4, The third step is to do the same thing as in the second step for J'. Namely, we 
compute all possible terms occurring in the two-by-two contraction. We establish 
that JT" is also an integer (with positive and negative coefficients) combination of 
the following 3 terms {Te,Me,J\fi}- In the last step, one has to add the two com- 
binations of Tr Q{R) and JT" and check, using Lemma 5 and (5), that each kind of 
term, occurring in ^7 -f C(a;)Tr Q(i?), is nonnegative. We conclude by using the 
fact that 72-0 is positive, which holds by the definition of w. 



Proposition 6. The following equality involving the above defined symmetrizations 
holds: 

S = 2(w + 2)2(2w + 2)!A"+iscal + C(a;){2(a; + 3)^(52 + cSs) + 2w(a; + 3)54}, (7) 
where C{uj) ^ {uj + lf{uj + 2f{2uj + 2)![(a; + 3)!]-2. 

By Theorem 3, wc have S + C(cL')Tr Q{R) ~ 0, If we substitute S by its value 
given in Proposition 6, we obtain the following equality. 

Corollary 7. The following equality holds 

- A-+iscal = ^^^±il!^|Tr Q{R) + 2(c. + 3) [(c. + 3)(52 + S^) + ujS^] |. (8) 

Remark 8. Note that the equality above is claimed by Aubin [1] p. 279], which in 
his notation, is written in the form 2(w + 2)^Tr SymVa^^ii? -I- C{uj)I = 0. 

Proof of Proposition 6. In order to prove ( 7 ) , we start by decomposing the sym- 
metrization of the (2a; -f 2)-covariant derivatives of the Ricci tensor and then con- 
tract two-by-two as follows: 

S = 2(uj + 2)ISi+Ty ^ Vp^(i)...p<,(fc_i)9P<,(fc)...p„(2c.+i)R-iCp^(2^+2)9 r 

^ (Te6(2Lj+2) ^ 

l<k<2uj+2 

< 5i +Tr ^ (1 +^'5fc(w+i))Vp^(j,...p^(j^_j)q,p^(j^,...p^(2^^jjRiCp^(2^_^2,g j-, 

^ creS(2w+2) ^ 

w+l<fc<2w+2 

(9) 

where 5ij denotes the Kronecker delta. The last equality follows by using the fact 
that for any fc < a; — 1, iV'^Riemj = (cf. Theorem 3), which implies that any two 
successive covariant derivatives of order at least uj + 2 and a; -t- 3 respectively, in 
the (2a; -|- 2)-covariant derivatives of the Ricci tensor, commute. Namely, for each 
1 < A: < a; + 1 the following equality holds 

^P<T(l)---P<T(fc-l)9P<T(fc)---P,T(2u,+ l)-f''i<^P<T(2cj + 2)'/ ~ ^P<T(l)---P<T(u,)9P<T(cj + l)---P<T(2u,+ l)-'^i*^P<T(2u, + 2)9- 

In the last sum over k in (9), we obtain for A: = 2a; + 2 a multiple of <Si, by 
applying the contracted second Bianchi identity (A-1): 

Tl' X! ^P^(l)---P<T(2a. + l)9l^l<3p<,(2a; + 2)'? 2'^^' ^^^^ 

(TGe(2ti;+2) 

For all the other terms in the last sum over k in (9) we move the index q to the 
right in order to get it as last index of the derivatives and then apply again (10). 
Thus, for each oj + l < k < 2a; + 2, we obtain a term equal to ■^Si . Summing up, we 



2(0; + 2) 
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obtain that 5i occurs in 5 with coefficient 2(w + 2)[1 + i ^^^^^j^ (1 + a;(5j,(^^i))] = 
2(w + 2)2. 

In the terms of the last sum in (9 ) , each permutation of q to the right gives rise 
to new terms involving the Riemannian curvature tensor. More precisely, for each 
a; + l<fc<2u;+l, the following formula holds: 



^Pa(l) ■■■P<T(fe--l)9P<r(fe) ■■■P<T(2u,+ l)-R'i<^Pff(2c^ + 2)9 — 

^P<,(1) ■■■P<T(fc-l)P,j(fc)l3P,j(fc + l) ■■■P<t(2u, + 1) -R'i'^Pff(2i^ + 2)9~ 



f 2w+l 

^P<T(l)---P<T(fc-l) 1 5^ ^PP<T(3)P^(fc)g^P^(fc + l) •••Pa(i) ■■■P<T(2a, + l) '^P-R-i'^Pff(2i^ + 2)9" 



^j=k+l 

^PP<T(2i^ + 2)P<T(fc)<?^P<T(fc + l) •••Pff(2i^+1) R-iCpg + R'iCp„(fc)pVj,^|,^^jj...p^j2^^jjRiCp^^2^^2jp J , 

(11) 

where we used the fact that the covariant derivatives commute up to order 2w + 1 
(cf . Theorem 3 ) . Note that for fc = 2cj + 1 , the sum over j in ( 1 1 ) is empty, meaning 
that the corresponding terms do not occur in this case. 

In the first term of (11), wc continue to move the index q to the right, using 
repeatedly the same formula until q attains the last position in the indices of the 
covariant derivatives. For the remaining terms in (11), we first compute, using the 
Leibniz rule, their covariant derivatives. For example, for the second type of term, 
we have for each uj + 1 < k < 2uj + 1: 



Pa{l)---Pa{k-l)i-^PPa{2uj + 2)P<,{k)1 ' ^P<t (fc + 1 ) ■ ■ -P^ (2i.. + 1) l^^'-P? ) ~ 

(Vsi?pp„(2c^+2)P<T(fc)9)(^{p„(i)---P<,(fc-i)}\s'Vp„(j3^i)...p„(2^^i)RiCpq). 

S'^{Pa(l),---:P^{k-l)},#S=U) 

Taking now in the last equality the sum over all permutations a G ©(2a; + 2) 
and contracting two-by-two, we obtain for each a; + l<A:<2cL'+l: 



Tr ^p<^(iv--,Pg(fc-ii {^ppa{2ui+2',p<7ik)q^ p,7(k+i)---Pai2ui+i',^^'^pq) ^ ( ^, j*^- 
cree(2w+2) 



2- 



After iterating the formula (11) sufficiently many times in order to transform all 
terms occurring in the last sum in (9) into terms having the index q as the last 
index of the covariant derivates, we can compute as follows the coefficient of 1S2 
in <S: 



2(w+2) (l+'^W)^) E (■M f =2(^+2) E(fc+1)( \ =2C{Lo){u+if 

k=uj+l ^ j=k-l ^ k=u} 



The proof of the last equality is given in Appendix A. 2, Applying the same ar- 
gument as above to the last type of term in (11), yields that ^3 occurs with the 
same multiplicity in S. Now, we consider the remaining term in (11). For any 

a; + 1 < A: < 2w, we have 
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^P^(l)---P<T(fc-l) ( X/ '^PP<T(3)P<T(fc)9^P^(fc + l)---P^(j)---P^(2u.+ l)^pF''l<^P<T(2c^ + 2)9 j ^ 

2w+l 

i=fe+l 5C{p„(i)...p„(fc_i)} 

Taking in this last equality the sum over all permutations a G @{2uj + 2) and 
contracting two-by-two, we obtain for each a; + 1 < fc < 2aj: 

2u) + l 

5Z '^P<T(l)---P<T(fc^l) X] -^PP,T(j)P<T(fc)<?'^P<T(fc + l) ■■■^^(j) ■■■P,t(2u,+ 1) ^P-R'i'^P<T(2^ + 2)9 ~ 



As above, in order to find the coefficient of ^4 in 5, we combine (9), (12) and we 
obtain 



2(c^ + 2) E (2c^-j)( J [ =2w(w + 3)CH, 

The proof of the last equality is given in Appendix A. 2, To finish the proof of the 
proposition, it remains to show that Si = (2w-f 2)!A'^"*"^scal . In fact, when commut- 
ing any two successive covariant derivatives of the (2a; -f 2)-covariant derivatives of 
the scalar curvature, there are curvature terms occurring. These are all of the form 
V"RiemV^scal , with a + P = 2uj. By Theorem 3, we know that for each fc < — 1, 
we have | V'^Riemj — | V'^'scal | — 0. Since we assumed that | V"scal | = 0, it follows 
that the (2aj -I- 2)-covariant derivatives of the scalar curvature commute. □ 



We recall the definition of the symmetric (2a; -I- 4)-covariant tensor Q(i?), whose 
components Q(i?)pi... p2^^.4 are given by: 

^ P„m---V<T{^)^iV^{i^-\\)Va(^^1)3 ■ ^P^(i^ + 3)---PCT(2a; + 2)-^ip<T(2a; + 3)P<T(2i^ + 4)J- 

iTe6(26j-|-4) 

Our purpose is to show that Tr Q{R) is a positive combination of nonnegative terms. 
In order to define these terms, we need first to introduce some new notation. For 
all nonnegative integers £ and /?, satisfying < /3 < a; and < £ < 

^u^~p^2i _ TrSymV/VxA^RiCy VjVKRiCy , 

/'u,7 

j-u:-2 _rp^ Sym V/"ARic„ V,/"ARiCy , 

/"UJ" 

where here /, J, /", J" and K are multi- indices of cardinality ut ~ (5 ~ 2£, ut ~ (3, 
UJ — 2, oj ~ 2 and (3 respectively. In other words, jg obtained by taking 

the product of (lu — 2€)-covariant derivatives of A^Ric with a;-covariant derivatives 
of Ric, where /? covariant derivatives of both factors are already contracted to 
each other and by contracting two-by-two the symmetrization over the remaining 
covariant derivatives. 

Set T""-'^ = r^"^. Note that Tf = {2£)\% (cf. Section 4 for the definition of %). 
The terms TZ'^-^-^', M^^-^', N^^'^^ Te"-^ M^-^" and N^-f" are defined 
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in the same way as 7^ and 7""^ ^ . Now we show that these terms are integer 

combinations of TZ^, 7e, Aii and 7V«. First, we note that 

■j-uj-p ^ TrSymV/VA-RiCy VjVKRiCy 

= 2(w-/3)TrSym{(tj-/3)V/'KaRiCijVjKaRic,j+(w-/3-l)V/''/faaRiCijV,/KRiCij} 

= 2{u; - p){{uj - /3)r"-^-i + (w - /3 - 1)TT'^'^}- 

It follows that for any 2 < 7 < oj, we have 

= 27(7-1)77^^2727^-1. (13) 

Similarly, we obtain the following formulas: 

77-' = 27(7 - 1)7?-' + 2(7 - 3)(7 - l)77-^ (14) 
77-' = 2(7 - 1)(7 - 2)7?-=^ + 2(7 - lfV,i'- (15) 
Using (13), (14) and (15), we prove, by induction on 7, the following formulas 
[il [il 
T'' =J2 ^'o^ all < 7 < w; 7?"^ = £ ej.^^, for aU 2 < 7 < w, (16) 

li] 

V,i^ = £ 7i, for all 2 < 7 < (17) 

1=1 

where dj := {■y-2t)\(t\y ^"^^ '^I ^ {-f-2t-2)i(i+\]\i\''' ■ Note that the equalities 
(13) and (16) hold also for TV, M^-^ and N^-"^. 

Claim 9. Tr Q{R) = X^fcLi "fe-^fc o.'^d Ak = Bk for any I < k < 27, where the 
terms Ak, Bk and the coefficients Uk are defined in Table 1. 

Each term Ak of the second column denotes a two-by-two contraction of a sym- 
metric tensor, where the symmetrization is taken over all the indices which are not 
already contracted. In the fourth column, we define the terms Bk- We prove using 
the two Bianchi identities that Ak = Bk (cf. Appendix A.l). The coefficients Uk 
are given in terms of the following positive integers: 

ci := (2cj + 4)(2cj + 2), C3 := 2cj2(cj - l)ci, C5 :=4cj2(cj - 1)^(0; - 2)(w - 3)ci, 

C2:=2w^ci, C4 := 4w'^(w - l)''^ci, cg :=4w3(w - l)2(w - 2)ci. 

Let us recall that the covariant derivates of the Riemann curvature tensor already 
commute {cf. Theorem 3). This allows us to determine all types of terms that 
are obtained after taking the two-by-two contractions of Q{R) involving the indices 
that occur directly in the Riemann curvature tensor, namely of the following kind: 

g-'-g^Pg-'ig'i'VlR.abj ' V J R^cdJ , (18) 

where {a, 6, c, djU/U J = {pi, . . . ,P2u+a\ is an arbitrary partition of {pi, . . . ,P2u]+a\ 
into subsets of cardinality 4, respectively #/ = #,/ = u and {a, /?, 7, 5} is any 
subset of 4 indices of {pi, . . . ,^2^+4}, such that a ^ a, P ^ b,^ ^ c and 5 ^ d. 

After taking into account the commutativity of the product, we identify 27 types 
of terms like (18), which are denoted by Ak and listed in the second column of Table 
1 , Moreover, if / is a multi-index of length oj, then /' denotes a multi-index of length 
w — 1 , /" a multi- index of length uj — 2 and so on. We also note that each of the 
sums over the contraction indices a, 5, c, d runs from 1 to n and that not all 27 types 
occur for w < 3, for instance for u) = 2 the terms Ai<3, . . . , ^23 in the table do not 
occur. 

We further compute the multiplicity of each such term of type (18) in the two- 
by-two contraction of Q{R). We write it down in the third column of Table 1 
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k 


Ak 


Uk 




1 


Tr SymV/RiCi, V 7 RiCi , 


Cl 




2 


— Tr SymV/'cRiCy V,/'bi?i(,cj 


2C2 




3 


— Tr SymVrRic, , V j"hrRihri 


2c3 


' i 


4 


— Tr SymV/'fcRiCij Vj/c^zbcj 


2C2 


S2 


r 




- ir Sym V7"6cRiCy V jKibcj 


2C3 


Z^fco (/f - 2Alf + A/f j 


D 


ir hyTOV I Kiab'jy J iiiabj 


Cl 


/V. 


i 


ir bymV I' bKiabj^ J' c^iacj 


C2 


^02 


Q 


il bymV I" cb^iabj^/ J ^iacj 


2C3 




Q 


il oymv 1'cn.iabjV J'briiacj 


C2 


2'^ 


10 


Tr SymS/ 1 Riabj'^ J Ribaj 


Cl 




11 


Tr SymV I' bRiabj'^ J' cRicaj 


2C2 


B2 


12 


Tr SymV I" bcRiabj^ J Ricaj 


2C3 


B5 


13 


TrSymV I' cRiabj^. J' bRicaj 


2C2 


hB, 


14 


Tr SymV I Riabj'^ J" bcRicaj 


2c3 


B5 


15 


Tr SymV I Riabj'^. J" acRicbj 


2C3 


2B5 


16 


Tr SymV I' cRiabj^. J' aRicbj 


C2 


B9 


17 


Tr SymV I' aRiabj'^. J' cRicbj 


C2 


2B2 


18 


Tr SymV I" abRiabj^ J" cdRicdj 


C4 


'1,1 


19 


Tr SyniV/""abcd-Rio&j VjiJicdj- 


2C5 


v^[t^] ie^^iTe-2Me+^fl) 
l^e=0 (w-1)((^-2)(lj-3) 


20 


Tr SymV/'/'abc-Riabj-V./'d-Ricdj- 


2c6 




21 


Tr SymV I'" abdRiabj^ J' cRicdj 


2c6 


B20 


22 


Tr SymV I' cRiabj^. J'" dabRicdj 


2C6 


E^T' er'(rf-2^f+A/'^) 


23 


Tr SymV I' dRiabj'^ J'" cabRicdj 


2C6 


^22 


24 


Tr SymV I" cdRiabj^. J" abRicdj 


C4 




25 


Tl'SymV I" daRiabj'^. J" bcRicdj) 


C4 




26 


SymV I" caRiabj^ J"bdRicdj 


2C4 




27 


Tr SymV I" cbRiabj^. J" ad.Ricdj 


C4 


S25 



Table 1. 



Let us here only illustrate how we determined the multiplicity for one of the 
terms. For example, the third term ^3 = Tr SymV/i?iaaj • V j"bcRibcj has mul- 
tiplicity equal to 2c3 as follows. For the choice of the three indices a, h and c 
among the 0^ + 2 pairs of distinct indices over which the contraction is done we have 
a;(w + l)(w + 2) possibilities, and for each such fixed choice we may permute the two 
indices of each such pair, thus multiplying the coefficient by 2^. Further we have 
to multiply by a;(w — 1), since wc may choose for h and c any two indices (whose 
order also counts) of the multi-index of length lo corresponding to the covariant 
derivatives, because these commute, as remarked above. The remaining 2a; — 2 
indices in / and J" may be permuted arbitrarily. One still has to take into ac- 
count that the two factors of each term commute and since the factors of this term 
are not symmetric, its coefficient has to be doubled. Concluding, we obtain the 
claimed multiplicity. For all the other types of terms in the table the multiplicity 
is computed similarly. 
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To verify that we obtained all the possible terms, we check, by summing up the 
multiplicities, that 

17 27 

{2ujy.{ui + ue + Uio) + {2uj - 2)1 ^ Ufe + (2w - 4)! ^ = (2w + 4)!. 

k=2 fc=18 
A;^{6,10} 

Using the two Bianchi identities, we show that for any 1 < fc < 27, Ak = Bk (the 
details of the computation can be found in Appendix A.l). This finishes the proof 
of the claim. As a consequence, wc obtain the first part of the following result. 

Proposition 10. The following equality holds: Tr Q(i?) = Y^fJ^iUkBk, where the 
Uk 's are positive integer coefficients and Bk 's are nonnegative terms, defined in 
Table 1 . Furthermore, it follows that 

Tr Q{R) > {2uj + 4)(2t^ + 2){r" + 4uj^iu: - 1)T,^-^ + Auj'^iuj - l fT^^^^ + 
4a;3(cj+4)(r"~^-A^""^)+8tj3(a;-l)2(a;-2)(7;"-3__A4^-3)^4^2(^_^)(^_^7)g^|_ 

Proof. We still have to show that the BkS are nonnegative. For this, we further 
contract two-by-two the remaining indices occurring in the covariant derivatives 
in each of the S^'s. Since the covariant derivatives of order less or equal to w 
occurring in the terms Bk commute, one establishes that for any 1 < A: < 27, Bk = 
Sfcl) OikiBke, where ake are nonnegative integers representing the multiplicities and 

Bke e {ne,Ti,Te-2Me+Mi,Ti~ Me}, 

due to equalities (16), (17), which hold for 7^", T", M'^~'^ and TV"-^. Clearly, Tie 
and Te are nonnegative. By Lemma 5, 7f — 2A^f + Afe are nonnegative. The terms 
7e — M.e are also nonnegative, as it follows by writing down that the square norm 
of the fc-covariant tensor Vi^cA^RiCab — VifaA^'Richc is nonnegative, where K is a. 
multi-index (uj — 2£ — l)-tuple. Therefore the BkS are nonnegative. 

Substituting in the equality Tr Q{R) = J2k=i UkBk, proven in Claim 9, the values 
of Bk and Uk from Table 1 , we obtain 

Tr Q{R) ^ {2uj + 4)(2w + 2)||7^"' + iuj^W^-^ + 2uj'^{uj - \fn'^~^ + 

8w3(w - lf{T^-^ - M'^-^) + 16w^'(w - lf{Lo - 2){Ti^-^ - M'^-'^) + 

28uj^{uj ~ 1)^5 + 8uj^{uj - 1)2 [{uj - 2){uj - 3)Big + 2uj{uj - 2)622 +w(tj - 1)626] |- 

(19) 

It order to prove the inequality stated in the proposition, we use the following 
equalities: 



j-u-2 _ ^ 1 ,, (r"~^ - M'^-^) - - — -(V^~^ - M'^-^), (20) 

2[uj — ly cj — 1 

where the first one holds by (13) and the second one holds from the definition 
of 65, 622 and 626- Substituting (20) and (21) in (19) and using the fact that 
by the definition of w, TZq := jV^Riemp is positive, we obtain the desired strict 
inequality. □ 
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Remark 11. There is another method to prove the equaUty Tr Q{R) = X]fc=i '^k^k 
of Proposition 10, One may contract the 4 entries of the Riemann tensor in Q{R) 
one by one and then use the fact that Ak = Bk- This method is used in the proof 
of Lemma 12 for the computation of the iSfe's, with 2 <k < A. 

Lemma 12. The following identities hold: 

S3 = 2{uj + l)(r" + 2uj^M'^-'), 
-S2 = 2(cj + l){r" + 4w3(r"-i - + 2cj2(cj - l)7;"-2 + 2uj^{u; - 1)65}, 

54 = 4oj{uj + l){a;r'^"^ - oj{uj + l)7V/(""^ + (a; - 1)65 + 2uj{uj - ifjV"^-^}. 

Proof. Recall that the Sk's are defined in the beginning of this section. First, we 
contract the index b, occurring in the symmetric tensor which defines ^2, with all 
the other indices not yet contracted (i.e. the indices in / U J U {a}), we obtain: 

—S2 

— — - = TrSym{V/RiCij VjRiCy - wV/' Vti?ia6j VjRiCij - a;V/i?ia6j V,/'VbRic,j }, 



We continue, by contracting the index a with all possible indices and we obtain: 



^ =r" - 2uj^{uj - l)TrSym<^ V/- V<,6i?,a;,j VjRicy + V/i?„&j Vj" VabRic,^ 



where we used the notation of Table 1 , Using the fact that Ak ~ S/c, wc obtain the 
claimed equality for ^2 . Using the same method, which consists of contracting the 
entries of the Riemann and Ricci curvature tensors, we compute ^3 and 54. 

The identity holds for 53, using the contracted second Bianchi identity and the 
fact that jV^scal | = 0. For 54, we first contract the index a with all the other not 
yet contracted indices and obtain: 

54 

r,^_^_2 = TrSymj-V/RiCy Vj'iRiCcj + ljV raRiabj"^ j'i'R'iCcj + 

{UJ - l)V/i?„6j Vj"iaRiCcj + V/i?,a6iV,7'iRiCaj}. 

The third term of the right hand side in the last equality vanishes since the Riemann 
tensor is skew-symmetric with respect to the two first entries and the covariant 
derivatives of the Ricci tensor commute. By the second Bianchi identity, we have 
'^aRiabj = VjRiCi(, — Vf,RiCij. Substituting in the second term and using the fact 
that |V"scal | = 0, we obtain 



Therefore, the equality corresponding to ^4 holds, since A4 — B4 and A5 = B5 (cf. 




2w + 2 



{-2uj^M'^-^ + 2u?{uj - l)[2(w - \fM' 



2a;(w - 1)A + 2WM4}. 



Table 1). 



□ 



End of Theorem 1 proof. By Corollary 7, it is sufficient to prove that 



I := Tr Q{R) + 2{uj + 3) [(a; + 3)(52 + S3) + uSi] > 0. 



By Lemma 12, it follows that 
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- 2(w - + 3)T^-^ - 2{uj - l)(a; + 2)65 + GujM'^-^ + 4w(a; - ifAf^-^ 



(22) 

Therefore, by Proposition 10 and (22), we obtain 

— ^— > 2cj^{cj+l){r^-^-M^-^)H^+2){r''+8cj'^{iu-l)\iu-2){rr^~M't~^)} 
4(cj + 1 j 

2uj^{uj - l){2uj{uj + 2){u- ifT^^^"^ - {uj^ + 4cj + h)T^-'^] + 

(a; + 3){6a;3X"'-i +4w3(cj - 1)^"-^}, 
where we used the fact that is nonnegative. Set 

11 2uj'^{uj - l){2w(a; + 2){uj - ifT^,^^ - [uj^ + Alo + b)Ti'^+ 

4a;(w + 2){io - l)(w - 2){T^-'' - A^r')}: 

12 := 2uj'^{uj + l)(r'"-i - X"-!) + (w + 2)r" + 

In this notation, wc have X > 4(ci; + l)(Ii + 12)- In order to finish the proof, we 
compute Ii and I2 and show that Ii +I2 > 0. For the computation of I2, we have 

[^] [^I 
[^] 

= ^ (w - 2^)dn3X^ + {uj-2l- l)Mi\, 
e=o 

since for lu odd, M^-i = by definition. We substitute the value of TVf, given by 
(5) and obtain 

[^] 

^ d^(Lj + 3){-27^ - (cj - 2^)7Wf}. (23) 

If UJ is even, then 7^ =0, by (5). Thus 

(w + 2)r" = d^iio + 2)Ti. (24) 
[^] 

2lj3(^ + l)(r'"-i - A^— 1) = ^ d^(Lj + l)(w - 2i){Ti - Mt). (25) 

£=0 

The sum of the right hand sides of (23), (24) and (25), denoted by I2, is given 

by 

[^] 

X2 = ^ dt{[{u: + l)(a; - 2t) - (w + 4)]r£ - 2(a; - 2l){uj + 2)Mf}. 
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Substituting the value of Aig given by ( 5 ) and using the inequality of Lemma 5, it 
follows that 

I2>Y. '^^<=^tTi. (26) 

For the computation of Ii, we proceed similarly as above. By equalities (16) and 
(17) we have 

[^] 

-2cj2(^ _ ;L)(^2 + 4^ + h)T^-^ = - ^ 2£(w2 +Auj + 5)d^77, 

1=1 
[^] 

4cj3(w + 2)(w-l)37;^f2 ^ ^ 4£2(cj + 2)d^7^, 

f=i 
[^] 

8^3(^2 _ 4)(^ _ l)2(7;"-3 - 7W--3) = ^ 4£(cj + 2)(cj - 2^)d^(7^ - Mi). 
Taking the sum of the last three equalities, we obtain 

2i = ^ 2£d^{[a;(cj - 21) - U - 5]?^ - 2{uj - 2£)(w + 2)Mi}. 
e=i 

Hence 

[^] 

Ii > - X! 2^^"'^- (27) 

^=1 

By (26) and (27), we conclude that X > 4(w + l)(Xi + Zj) > 0. □ 

Appendix A. 

A.l. Proof of the equalities Ak = Bk- In the following computation, the compo- 
nents of the Ricci tensor Ric are denoted by Rij . Here we give some useful formulas 
for the computation of the AkS,'- 

VrRij = ^Vjscal (A-1) 
yaR^abJ = -^bR.j + V, (by 2"^^ Biauchi) (A-2) 

Vfci?,afcj = -Vai?y + V,Raj (A-3) 

ARiabj = VuRa] + ^ajRu - V„i?a6 - ^ abR^] ■ (by 2"'^ Biauchi) (A-4) 



iVRicmp - A, yielding A = -|VRiem|2 



A VcRiabj ■ ^cRibaj — cRiabj ' {'^ cRbaij + ^ cRaibj) 

B := VcRiabj ■ ^bRiacj ~ —'^ cRiabj ' j Riabc + ^ cRiajb) 

= IVRicmp - B, yielding B = i|VRicmp. 

Ai :=r". 

A2 -TrSymV/.cii'«jV,7-6i?,bJ ='trSymV/-ci?yVj.(Vci?y-V,i?cO = T'^-^- M'' 
A3 -Ti-SymW I R,jV.r,bcR,bcj ' ^'^^ -Tr SymV/i?,^ Vj"fc(-Vfci?y+V,i?bj) = T^""' 

( A-3 ) 

A4 = -Tr SymV I 'bRij'^ J' cRtbcj = Tr SymV/'bi?.y Vj- (Vbi?ij - VtRbj) = -42. 
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( A-3 ) 

A := TrSymV/"cb^ia&j Vji?iacj = 2i35. 
Aw TrSyniV/i?,,b, Vji?,baj ' ^Te". 

( A-3 ) 

All -.^"iT^yTaV I'bRiabj^ J'cRicaj = ^2 . 

( A-3 ) 

^12 := TrSyniV/"fcc-Rm6jVji?icai = B5. 

Ais ■■= Tt SymV I' cRtabj'^J'bRicaj = Tl SymV I' {V a Ricb J - ^ iRacb])^ J'bRica] = 

Asi - Alz. Hence Aiz = \W^-^ . 

( A-2 ) 

^14 := TrSyniV/i?iQ6-, V,/"hc-Ricaj = ^5- 

( A-2 ) 

As TrSymV/i?ia6j Vj"ac-Richi = 2S5. 

-4i6 := TrSymV/'ci?m6j Vj'a-Ricfcj = . 

An := TrSymV/.,i?,afcjVj'ci?^cfcj ' ^{T^-^ - M^-^). 

As TrSyniV/"'afc-RmbjVj"cd-Ricrfj- ' Tr SymV/" Ai?y Vj" Ai?^ TJT^- 

( A-3 ) 

Ao TrSymV/"'ahc-Riabj V,/'d^ic<ij = Tr SymV/"'cAi?ij Vj- (Vci?jj -ViRcj) 

( A-2 ) 

Ai := TrSymV/'"da6^iafciVj'ci?icdj = Tr SymV/'"<iAi?ij Vj'(Vdi?jj-Vji?di) = TJ'^ 

( A-2 } ( A-3 } 

A3 := ^I'd^Riabj^J"'abcRicdj = —'^ I' dRiabj^ J'" dabRij ~ A2- 

v424 Tr SymV/"ahi?ic(ijVj"c(i^iahj = Tr SymV/"ac^ifcdj- Vj"cd-Ria6j = ^7^"^"^. 
A5 TrSyniV/..d„i?„6j Vj"bci?.c<ij ' T^-^ _ A^--2. 



lA-31 



At TTSymVp,,bR^abJyJ"adR^cdJ ■ r"-2 _ M^-\ 

For the remaining terms A 7 -^19 a-nd A2j the computation is done by induction, 
by introducing the following sequence Ui^-p :— — Tr SymV/^bcVx^ RiCj^V j^Vif^i?ibci 
for 1 < /3 < w — 2 and Ulj := ^5, where iC/j, and J/j are multi-indices sets of 
cardinalities /3, uj — f3 — 2 and u — (3 respectively. The induction formula is given by 

2{uj- 13- l)2TrSymV/^6cVK^RiCy Vj^_,VA'^Ai?,6ej. 

Using (A-4), wehaveTrSymV/,6cVif,RiCy Vj,_,VA',Ai?,b,j = 7---/3-2_2X"-/^-2- 
j^u>-p-2_ By induction on /3, we prove that 



A5=U^ = {uj- - 2)!^ 2"-^-i^^(r^ - 2A1'= + A/-* 

A;=0 ^ '' 



(A-7) 



(16I.(A-10) 

f=0 



et{Ti-2Mi+Mi). 



( A-3 ) 

We have A2 Tr SymV/'ci?mbj Vj"'a6<ii?icdj = -TrSymV/'c-Rmbj Vj-^abc^ij- 
By contracting an index in A^ , which corresponds to a covariant derivative of the 
Riemann tensor and using the last equality, we obtain A = 2(0; — l)^f?26 + 2(0; — 

l)(a; - 2)A2- Therefore, by (A-7), we obtain A2 = E^^^' e'^^-^iTi - 2Mi+Mt). 
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We have ^19 := TTSym\'i""abcdRiabj'^jRicdj = -Tr SymV/""cdAi?ij VjiJ^cdj- 
By contracting an index in ^5, which corresponds to a covariant derivative of the 
Ricci tensor and using the last equahty, we obtain ^5 = 2{uj — l)(w — 8)^19 + 
2uj{uj — 1)A22- We deduce that 

^ (w - l)(a; - 2){uj - 3) 

A. 2. Combinatorics Formulas. The following identities hold for any nonncga- 
tive integer w 

{uj + 2)Y,{k + l)(^ ={uj + 3)^C{uj), (A-8) 



fe= 

2w-l 



2) ^ (fc + l)(2a; - k) = lj(oj + 3)C(a;), (A-9) 



k—uj 

where C{oj) = {oj + l)^{oj + 2)^{2uj + 2)![(u; + S)!]-^. 

Proof. Identities (A-8) and (A-9) can be written in a simpler way which can be 
viewed as special cases (for n ~ 2uj) of the following combinatorial identities: 

k—Lj k—uj 

for all integers n > uj, respectively n > uj + 2. 

These identities follow by counting in a different way the number of combinations. 
The first identity is obtained by counting the number of subsets with (w -f 1) 
elements out of n elements in the following way: the sets are separated with respect 
to their largest element. For each oj < k < n — 1, (^) counts the subsets of (a; + 1)- 
elements whose largest element is fc -I- 1. 

Similarly, the second identity follows by counting (^"2) follows: the sets are 
separated with respect to their second largest element. For each uj < k < n — 2, 
(n — k — 1) (^) is the number of subsets with u! + 2 elements whose second largest 
element is k + 1. Indeed, if the second largest element is fc-f-l, the others w elements 
of the set which are smaller must form a subset oi oj + k and the largest element 
may be any of the remaining n — k — 1 elements. 

□ 



Notation Index 

A T 

Ak 10 75 = IV^-^^A'^Ricp 3 

j^-l3-2i ^ TrSymV/KA'^RiCj VjxRicii 
B luj 

Bk 10 ^ f 

Tj^i ^ = Tr Sym V/// ARic,j V j// ARiCy 8 

Q ' I"UJ" 

r(:A - (^ + 1)^(^+2)^(2(^ + 1))! o r'^-P=T^-f' 8 

K^^^WP Tf = {2ey.Ti 8 

9 

~ (7-2f)!(f!)l^ " 

E 

7 _ 2"'-^^-S!(7-l)!(7-2)! „ 
~ (7-2^-2)!(f+l)!«! " 

I 

Z 12 

Xi, 22 13 

/, J multi-indices sets #7 = # J = ... 10 
/', /" multi-indices sets 

#7' -f 1 = #7" -1-2 = a; 10 

M 

A^^ = VxVaA^Ricic ■ VxVcA^Ric^b . . .3 
Tr Sym Vj-a'p A^Ric^ V j/^^RiCpj . . 8 

I'UJ' 

N 

A/i = Vx' VcdA'^Ric^tVK' V^tA^RiCcd • .3 
Tr Sym V/z/^pg A'^RiCy Vj/ZKijRiCp, 

/"UJ" 

8 

O 

UJ = ml{k e N : \\'''Weylg{x)\ ^0} 2 

Q 

Q{Fl)lJabcd = ^ iRiabj^ jRicdj 5 

R 

= IV^-^^A'^Ricmp 3 

|V*Riem[ fc-th derivative norm of Riem . 2 
Ricjj = R^ij 1 

= VfeV^x? - v^VfcX? 1 

S 

6(fc) symmetric group of {1, . . . ,k} 2 

5 = Tr Sym VA'RiCai, 5 

KU{a,b},#K=2uj + 2 

51 = Tr Sym V/fScal 5 

K,#K^2lj+2 

52 = Tr Sym V/Ricaj ■ VjRicft^ .... 5 

/UJU{a,b}, 

<S3 = Tr Sym V/Ricaj ■ VjRicjj .... 5 

/UJU{a,b}, 

54 = Tr Sym ViR^j ■ Vj/ViRiCcj 5 

/Uj'u{a,i),c}, 
#/ = #j' + l=i^ 

SymTpj,.,pj, = Yl Tp^^-^y..p^^^^ 2 

CTgS(fe) 

17 
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